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Abstract We analyze the bound states of a quark and anti-quark with color
degrees of freedom using the methods of quantum information theory. We
show that meson resonances must come in triplets, and use the example
of heavy quarkonium which can be placed in four triplets, two of b-bbar:
{Υ (1S), Υ (2S), Υ (4S)}, and {Υ (3S), Υ (10860), Υ (11020)}, and two of c-cbar:
{J/ψ(1S), ψ(3770), ψ(4415)}, and {ψ(2S), ψ(4040), ψ(4160)}.

The elementary fermions come in generations and it is natural to suppose
that the generations are excitations, or resonances, of the same bound states.
We describe a simple theory of the elementary fermions that assumes that
they are bound states of preons under a “precolor” force. We propose that
the preons are neither fermions nor bosons, but instead satisfy the “tripled
Pauli statistics” proposed by Lubos Motl, who found them on analyzing the
quasinormal vibration modes of black holes. We show that Koide’s mass
formulas for the leptons are natural consequences of these assumptions.

Finally, we show that Koide’s lepton mass formulas apply to the heavy
quarkonium triplets. This gives the extension of Koide’s mass formula from
the leptons to the quarks, and shows that the meson resonances have a struc-
ture analogous to the generations of the elementary fermions. This shows how
the principle of quark / lepton universality can be applied to the mesons.

The mass formulas given here can also be taken to indicate that the
discrete Fourier transform should be used to analyze the mesons.
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1 Introduction

Quantum information theory seeks to understand the information content of
quantum systems with a few degrees of freedom. The usual object of study is
the qubit, a quantum state with 2 degrees of freedom, for example, a spin-1/2
state. Somewhat more rare is the qutrit, a quantum state with 3 degrees of
freedom. A natural use of qutrits is to model the three color states that a
quark can be found in.

A meson is composed of a quark and an anti-quark. As with the usual
method of modeling the bound states of 2-particle quantum systems, we will
work in “center of mass” coordinates where we model the difference between
the two quarks rather than using two sets of coordinates, one for the quark
and one for the anti-quark. Nominally, we will use the coordinates for the
quark. And as with the qubit model of the electron, we will ignore the position
and momentum of the quark, and analyze only the color. This simplification
reduces the meson bound state to a Hilbert space of 3 dimensions, a qutrit.

2 Meson Bound States

A meson is composed of a quark and an anti-quark. We model the bound
state by keeping track of the color of the quark. There are three possible
colors, red, green, and blue, therefore we describe the bound state as a wave
function on the space of three points. Such a wave function is described by
three complex numbers, a, b, and c, that is, a 3-vector:

ψabc =

a
b
c

 . (1)

Since the quark is found in some color, the state is normalized by requiring
|a|2 + |b|2 + |c|2 = 1.

The state needs to be a color singlet, consequently, the action of a cyclic
permutation on {a, b, c} must be to leave the state unchanged. That is, it
must leave the state the same or multiplied by a complex phase exp(iα)
(which will disappear when the state is converted into a density operator).
Therefore we have |a| = |b| = |c| =

√
1/3, and that

b = a exp(iα),
c = b exp(iα),
a = c exp(iα).

(2)

From the above it follows that exp(iα) is a cubed root of 1. The cubed roots
of unity will be used over and over in this paper so we will abbreviate:

w = exp(+2iπ/3),
w−1 = w∗ = exp(−2iπ/3). (3)
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Since the phase is arbitrary, we can take a =
√

1/3, and the three possible
color states are:

1√
3

 1
w
w∗

 , 1√
3

 1
w∗

w

 . 1√
3

 1
1
1

 . (4)

Note that the above three states are orthonormal. We can abbreviate them
by writing

|g〉 =
1√
3

 1
w+g

w−g

 , (5)

where g = 1, 2, 3. The letter g stands for “generation” in analogy with the
three generations of elementary fermions. From this solution, we expect that
mesons are organized in groups of three. Marni Sheppeard points out that
the above three states are equivalent to a discrete Fourier transform over the
three colors.

An application of this calculation are the heavy quarkonium mesons, the
b-bbar (Upsilon) and c-cbar (J/psi). These mesons, with quantum numbers
IG(JPC) = 0−(1−−), appear with 6 resonances, that is, they appear with 6
different masses each. Since 6 is a multiple of 3, we conclude that the observed
heavy quarkonium mesons consist of a 1S triplet and a 2S triplet.

The usual method of modeling the heavy mesons is by the Schroedinger
equation with two potentials, the color force and the electric force. In that
method, the color force is reduced to a scalar potential. When this method
gives consistent results, the meson resonances are renamed accordingly. For
the c-cbar mesons, our numbering scheme is consistent with the usual:

State meson MeV
1S1 J/ψ(1S) 3096.916(11)
1S2 ψ(3770) 3771.1(24)
1S3 ψ(4415) 4421(4)
2S1 ψ(2S) 3686.093(34)
2S2 ψ(4040) 4039(1)
2S3 ψ(4160) 4153(3)

(6)

The lightest state of the 1S triplet is also the J/psi meson which is conven-
tionally assigned the 1S state. And the lightest state of the 2S triplet is the
second lightest J/psi meson. The assignment of the six c-cbar and six b-bbar
resonances to color notation is determined by the mass formulas discussed
later in this paper.

The conventional analysis of heavy quarkonium becomes more accurate
as the quarks become heavier (and therefore less relativistic). With the b-
bbar mesons, the first few states are labeled as 1S, 2S, 3S (and sometimes
4S). We assign 1S, 2S, and 4S to the 1Sg triplet, and the remainder to the
2Sg triplet:
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State meson MeV
1S1 Υ (1S) 9460.30(26)
1S2 Υ (2S) 10023.26(31)
1S3 Υ (10580) 10579.4(12)
2S1 Υ (3S) 10355.2(5)
2S2 Υ (10860) 10865(8)
2S3 Υ (11020) 11019(8)

(7)

Below we will discuss many further examples of meson triplets, and will
extend the model to baryon triplets. For now, note that the b-bbar and c-
cbar 1S triplets are similar in shape, and the same for the 2S triplets. That
is, in both cases the 1S triplets are approximately equally spaced while the
2S triplets are less so.

3 Meson Operators

In the previous section we showed that the mesons should come in triplets.
In this section we describe the relationship between the elements of a triplet
in terms of their eigenvalues with respect to operators.

Let the operator Y have real eigenvalues y1, y2, and y3 with respect to
the states |g〉 given in Eq. (5). Then Y , in matrix form, is:

Y = y1|1〉〈1|+ y2|2〉〈2|+ y3|3〉〈3|,

= 1
3

 y1 + y2 + y3 y1 + w∗y2 + wy3 y1 + wy2 + w∗y3
y1 + wy2 + w∗y3 y1 + y2 + y3 y1 + w∗y2 + wy3
y1 + w∗y2 + wy3 y1 + wy2 + w∗y3 y1 + y2 + y3

 (8)

The above matrix is Hermitian and is “1-circulant”, that is, each row is
identical to the one above it, but shifted by 1 to the right. The 1-circulant
matrices are closed under multiplication and addition, as are the Hermitian
matrices. Any 3× 3 matrix that is 1-circulant and Hermitian will have three
real eigenvalues for the eigenvectors |g〉, consequently any meson operator,
restricted to the three elements of a triplet, is of this form.

The most important characteristic of the mesons are their masses. These
are defined by the Hamiltonian H; we have H|g〉 = Eg|g〉, where Eg is the
(real) energy of the gth state. Classically, the Hamiltonian has two parts, the
kinetic energy U and the potential energy V so

H = U + V. (9)

In the non relativistic limit, the kinetic energy of a particle with mass m is
taken to be

U = − h̄2

2m
∇2. (10)

The above operator is proportional to the square of the linear operator ∇.
Similarly, a binding potential energy is usually approximated with

V = k |x|2, (11)
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also the square of a linear operator. The simplicity of the square roots of the
non relativistic kinetic and potential energy suggest that we must consider
the possibility that the form of

√
H will be simpler than that of H. These

two operators will share the same eigenvectors, i.e. |g〉, and their eigenvalues
will be related by squaring.

4 The Koide Mass Equation

In 1982, Yoshio Koide concluded that the following relation between the
masses of the electron, muon and tau:

3(me +mµ +mτ ) = 2(
√
me +

√
mµ +

√
mτ )2 (12)

could be exact. This is a quadratic equation in the square roots of the masses
of the charged leptons. Since the masses of the electron and muon are accu-
rately known, it can be thought of as a prediction for the mass of the tau.
1982 was long before the tau mass was known accurately, but the formula
turned out to be quite exact. As measurements of the neutrino masses were
made in the 1990s and early 2000s, it became clear that the neutrinos did
not fit Koide’s formula and this fact ended up in the literature several times.

This author rewrote Koide’s equation in eigenvalue form as follows. Let
v, s, and δ be three real constants. Define the following matrix:

√
M =

 v se+iδ/2 se−iδ/2
se−iδ/2 v se+iδ/2
se+iδ/2 se−iδ/2 v

 , (13)

which we will use as a generic (square root) mass matrix. Since it is Hermitian
and 1-circulant, its eigenvectors are the same as those found for the color
bound state operators, Eq. (5). The eigenvalues are:

√
mn = v + s cos(δ + 2nπ/3) (14)

for n = 1, 2, 3.
The sum of the three cubed roots of unity is zero. Multiplying these roots

by exp(iδ) gives three complex numbers that still sum to zero. So∑3
n=1 cos(δ + 2nπ/3) = 0.5

∑3
n=1(e+i(δ+2nπ/3) + e−i(δ+2nπ/3)),

= 0.5(0 + 0) = 0.
(15)

and therefore, the eigenvalue masses given above, Eq. (14), sum to 3v and
squaring, we have: (

3∑
n=1

√
mn

)2

= 9v2. (16)

Since cos2(θ) = 1/2+cos(2θ)/2, we have that cos2(δ+2nπ/3) = 1/2+cos(2δ+
4nπ/3)/2. Given the three cubed roots of unity, 1, w, w∗, their squares are,
respectively, 1, w∗, and w. Therefore the sum over cos(2δ+4nπ/3) is zero for



6

the same reason that the sum over cos(δ + 2nπ/3) gives zero, and we have
that

3∑
n=1

cos2(δ + 2nπ/3) = 3/2. (17)

This last equation allows us to square the square root masses and sum over
them:∑3

n=1mn =
∑3
n=1(v2 + 2vs cos(δ + 2nπ/3) + s2 cos2(δ + 2nπ/3)),

= 3v2 + 3s2/2,
(18)

and the angle δ disappears from the sum.
To obtain the Koide relation for the charged leptons Eq. (12), we must

have:
2(9v2) = 3(3v2 + 3s2/2) = 9v2 + 9s2/2, so

s =
√

2v.
(19)

Thus the Koide relation for the charged leptons amounts to the coincidence
that the ratio of s to v is

√
2.

The Koide relation does not specify the angle δ. On entering the values
for the masses of the electron, muon, and tau, one finds that the angle is
2/9, to within experimental error. This further coincidence lets the charged
lepton masses, men, be very closely approximated by the compact formula:

√
meg = 25.054309435 (

√
2 + cos(2/9 + 2gπ/3))

√
MeV, (20)

where e specifies the charged lepton, or “electron triplet” and g gives the
generation number. In the above, the scale value 25.054309435, with units
of square root MeV, is found by fitting the experimental electron mass mea-
surement exactly:

State lepton formula MeV
1e1 e 0.510998918 0.510998918(44)
1e2 µ 105.6594077 105.6583692(94)
1e3 τ 1776.984857 1776.99(29)

. (21)

The muon and tau numbers are then approximated fairly well.
The above formula suggests that the leptons are bound states of preons

that, like the quarks that make up a meson, can take three different “pre-
colors” each. The structure of the standard model suggests that the preons
must be the left and right handed chiral states of the leptons, eL, and eR.
That these states would be found in three different precolors implies that
their quantum statistics are different from that expected of fermions: In or-
der to ensure that the electron satisfies Pauli statistics, one eL in any of these
three precolor states must be enough to fill the state rather than the three
expected with Pauli statistics.

In classical general relativity, the final condition of collapsing matter is
a perfectly symmetric black hole. Of the matter that makes up the black
hole, all that is left is the mass, angular momentum, and electric charge. If
one takes as an initial condition an asymmetric, vibrating, black hole, one
finds that it asymptotically approaches perfect symmetry through a series
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of “quasinormal vibrations”. One supposes that from a quantum mechanical
point of view the asymptotic approach is achieved through the emission of a
series of elementary particles.

In 200x, Lubos Motl analytically derived formulas for these quasinormal
vibrations. The spin-1/2 and spin-1 vibrations formulas were as expected
for the thermodynamics of fermions and bosons, but the spin-0 and spin-
2 vibrations diverged from the formula expected of Bose-Einstein particles.
The statistics implied by their formula implied that the particles satisfied the
Pauli exclusion principle, but could be found in 3 states each. He called the
statistics “tripled Pauli statistics,” and their definition is compatible with
the implied statistics of the Koide mass formula.

The Koide mass formula for the charged leptons (i.e. the electron, muon,
and tau) can be extended, in a natural way, to the neutrinos. Having the
handed leptons composite suggests that the handed quarks could be similarly
constituted. Ignoring, for the moment, color, the handed elementary fermions
are described by two quantum numbers, weak hypercharge t0, and weak
isospin t3. Including the anti-particles, the quantum numbers are:

t0 t3
eR −1 0
eL −1/2 −1/2
νR 0 0
νL −1/2 +1/2
dR −1/3 0
dL +1/6 −1/2
uR +2/3 0
uL +1/6 +1/2

t0 t3
ēR +1 0
ēL +1/2 +1/2
ν̄R 0 0
ν̄L +1/2 −1/2
d̄R +1/3 0
d̄L −1/6 +1/2
ūR −2/3 0
ūL −1/6 −1/2

(22)

When one plots these quantum numbers see Fig. (1), one finds the figure of
a cube, the “fermion cube.”
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Fig. 1 Weak hypercharge, t0, and weak isospin, t3, quantum numbers plotted for
the first generation standard model quantum states. Leptons are hollow circles and
quarks (×3) are filled circles. Electric charge, Q, also shown.
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The columns of the fermion cube have four equidistant quantum states
each. The leftmost column includes the states ēR, uL, d̄R, and νL. The top
and bottom states are handed leptons, while the middle are handed quarks.
Under SU(3) color symmetry, leptons are color singlets while quarks are color
triplets. Thus the state count for the states in one of these columns is 1, 3,
3, 1. This will happen if the handed quarks take two of their three precolor
states from the nearer handed lepton and the remaining precolor state from
the other handed lepton.

Continuing with the idea of tripled Pauli statistics, designate the three
states available to the ēR are ēRr, ēRg, and ēRb, where r, g, and b stand for
red, green and blue, and the three states available to the νL are νLr, νLg,
and νLb. Then the composition of the 1 + 3 + 3 + 1 states in the left most
column are:

ēR ēRr ēRg ēRb
uLr νLr ēRg ēRb
uLg ēRr νLg ēRb
uLb ēRr ēRg νLb
d̄Lr ēRr νLg νLb
d̄Lg νLr ēRg νLb
d̄Lb νLr νLg ēRb
νL νLr νLg νLb

. (23)

This idea for the preon structure of the fermions was examined soon after
the quarks were discovered. It was rejected due to problems with the spin of
the components, but the idea of tripled Pauli statistics breathes new life into
the idea.

With the quarks intermediate between the leptons, one hopes that the
masses of the quarks will also follow a natural Koide mass formula. Unfor-
tunately, the quarks are found only in composite particles, the hadrons. The
quark masses can be estimated by making various assumptions about how
they contribute to the hadron masses but the results are unsatisfactory in
that the up and down quark masses are determined only to within a factor
of 2. Since the heavier quarks are less relativistic, their masses are estimated
from the lightest mesons that contain them.

The color bound state calculations seem to be suitable for both the mesons
and the leptons. We expect a similar mass formula to apply to the mesons as
applies to the leptons. Since the quarks appear to be mixtures of the tripled
Pauli states of the leptons, we expect that the mass formulas for the mesons
will be a natural extension of the mass formulas for the leptons. To explore
this idea, we first need to find the mass formula for the neutrinos.

The masses of the neutrinos are not measured directly (to any accuracy);
instead, we have two measurements of the differences between the squares of
the masses, ||mν1|2−|mν2|2| and ||mν2|2−|mν3|2|. These two measurements
are enough to show that Koide’s original equation Eq. (12) cannot be satisfied
by the neutrinos:

3(mν1 +mν2 +mν3) 6= 2(
√
mν1 +

√
mν2 +

√
mν3)2 (24)

However, if one rewrites the formula as an eigenvalue equation (as was done
in this section), one finds that for certain values of δ, the

√
mν1 may become
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negative. And Koide’s formula can be satisfied in the form:

3(mν1 +mν2 +mν3) = 2(−
√
mν1 +

√
mν2 +

√
mν3)2. (25)

The value of δ needed to satisfy the above is larger than the 2/9 used for
the charged leptons by approximately π/12, so the formula for the masses of
neutrinos, assuming that they follow a Koide law, is

√
mνn = 0.1414 (

√
2 + cos(2/9 + π/122nπ/3))

√
eV, (26)

where 0.1414 is a scaling constant.
The natural way to get to triple Pauli statistics is to take the three states

from three “mutually unbiased bases” of the Pauli algebra. These are three
bases that exhaust the information in a qubit state. We will perform the
calculation in the next two sections. We will show that the idea explains the
factor of

√
2 appearing in the charged lepton mass formula Eq. (20), but

we will find that it also implies that the angle δ should be π/12 rather than
2/9. This agrees with the difference between the charged lepton and neutrino
mass formulas. The Pauli algebra mutually unbiased bases calculation is not
trivial and to assist in the calculation we will first define an abstraction of
bound states from a density matrix point of view.

5 The Density Operator Algebra and MUBs

In quantum mechanics, given a 2-particle system in center of mass coordi-
nates, we find the bound states by solving Schroedinger’s equation, Hψ =
Eψ, where H is the Hamiltonian operator, E is the energy, and ψ(x) is a
(time-independent) bound state. In general, one finds many solutions. Let
X = {ψn(x)} be a set of solutions, not necessarily orthogonal, but normal-
ized so that ∫

ψ∗n(x) ψn(x) dx = 1. (27)

We convert these into pure density operators:

ρn(x, x′) = ψn(x) ψ∗n(x′). (28)

We shall deal with pure density operators only, but will often leave off the
adjective “pure.”

The density operators are complex functions of two copies of the coordi-
nates, x and x′. For functions of this sort, we define addition as:

(f + g)(x, x′) = f(x, x′) + g(x, x′), (29)

and define multiplication as:

(fg)(x, x′) =
∫
f(x, x′′) g(x′′, x′) dx′, (30)

where the integral is over all space.
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When the coordinate x is taken as discrete, that is, it runs over a finite
number N of degrees of freedom (we shall be concerned with N = 3), the
density operators are N × N matrices, and multiplication and addition are
matrix multiplication and matrix addition.

Let ρn(x, x′) and ρm(x, x′) be two distinct, non orthogonal, density op-
erators. Then the product ρn ρm is not a density operator. This can be seen
by noting that the density operators are Hermitian, while this product is
not. Thus the set of density operators are not closed under multiplication.
However, if one considers only orthonormal density operators, then such a
set would be closed under (a trivial) multiplication.

A set of density operators defines a vector space by including in the
vector space all possible sums of complex multiples of products of the density
operators. An example of this algebra may assist the reader. The simplest
example is qubits. So let ρu be the density operator (projection operator) for
spin-1/2 in the u direction. That is,

ρ±x = (1± σx)/2, (31)

where x = (1, 0, 0) and σx is the Pauli spin matrix. Similarly define ρ±y
and ρ±z. Then an example product of two non orthogonal, but normalized
density operators is:

ρ+x ρ+z =
(

0.5 0
0.5 0

)
. (32)

This product, in addition to not being a density operator (pure or other-
wise) is also not a complex multiple of any density operator (as it cannot be
Hermitian). Thus, in general, a set of pure density operators cannot be used
as a basis set for the algebra generated by that set of density operators or
any other set of density operators (except for the case of a set with only one
entry).

On the other hand, let B be the set of all products of density operators
taken from the set X, that is, let B = {ρn ρm}. Then the non-zero elements
of B “almost” define a basis set for the vector space generated by X. To see
this, use bra-ket notation to check that the products of density operators are
closed under multiplication:

(ρj ρk) (ρl ρm) = |j〉〈j| |k〉〈k| |l〉〈l| |m〉〈m|,
= (〈j|k〉〈k|l〉〈l|m〉) |j〉〈m|,
= (〈j|k〉〈k|l〉〈l|m〉/〈j|m〉) |j〉〈j| |m〉〈m|,

(33)

where the quantities in parentheses on the right hand side are complex num-
bers. Note that the final line requires the assumption that ψj and ψm are not
orthogonal; otherwise there will be a division by zero. This is the “almost.”

Suppose that we have two non orthogonal distinct density operators
(quantum states) ρa and ρband that they are characterized by having two
different eigenvalues under two different operators A and B so we have:

A ρa = ρa A = a ρa, (34)

and similarly for B and ρb. Then the product of the two density operators,
ρa ρb is no longer a double-sided eigenstate of A or B. It is a left eigenstate of



11

A and a right eigenstate of B. Ignoring degeneracies, just as the eigenvectors
of A form a complete basis set for the Hilbert space of vectors, together A
and B define a complete basis set for the operators of the Hilbert space. Just
as two eigenvectors of a non degenerate operator, with the same eigenvalue,
differ only by a complex multiple, any two operators that are both left eigen-
states of A and right eigenstates of B with the same eigenvalues can differ
only by a complex multiple.

To get a complete basis set for the vector space generated by X, one
must add the products corresponding to the products of orthogonal density
operators. These are the raising and lowering operators.

Thus a complete basis set for the vector space generated by products of
density operators consists of products of pairs of density operators, plus the
raising and lowering operators. Density operators have no arbitrary complex
phase and so the products of them also have no arbitrary complex phase.
However, the raising and lowering operators do carry such a phase. This
is the case even when they are defined by products of density operators.
For example, ρ−zρ+yρ+z is not equal to ρ−zρ−yρ+z as can be verified by
substituting in the Pauli spin matrices. Both are lowering operators for spin
in the +z direction.

If one begins with M distinct bases, then one can choose one element
from each set to obtain a set X of M density operators (with no two density
operators multiplying to give zero, that is, none of them annihilating each
other). In this case, there is no need for raising and lowering operators. This
makes the vector space generated byX particularly simple; it is defined by the
products of the density operators without the need for raising and lowering
operators. And the basis of the vector space generated by X is defined with
no need for arbitrary complex phases.

Two bases are “mutually unbiased” if the transition probabilities between
their elements are all equal to 1/n where n is the dimensionality of the Hilbert
space.1 An n-dimensional Hilbert space has, at most, n+ 1 MUBs. Since the
Pauli algebra corresponds to a 2-dimensional Hilbert space, the Pauli algebra
has at most 3 MUBs. This number is achieved by considering the three bases
{ρ+x, ρ−x}, {ρ+y, ρ−y}, and {ρ+z, ρ−z}, which are mutually unbiased. For
example, the transition amplitude between ρ+z and ρ−x is 1/2.

A set of n + 1 mutually unbiased bases makes a natural set from which
to choose a set of n+ 1 non-annihilating density operators. The vector space
generated by a set of non annihilating density operators is an algebra. That
is, it is closed under multiplication and addition, it is associative, it possesses
a 0 and a 1. There are (n+ 1)2 products of the n+ 1 density operators and
none of these (n+ 1)2 products annihilate each other. However, the algebra
generated by them is not a division algebra. For example, (1 + σx)/2 and
(1+σy)/2 are density operators from two different bases of the Pauli algebra
MUB but the product of the nonzero elements

(1 + σx)/2 and (1 + σx)/2− 2 (1 + σy)/2 (1 + σx)/2 (35)

1 An interesting generalization of MUBs is to require all the transition probabil-
ities be equal, but not necessarily equal to 1/n.
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is zero as can be verified by substituting in the Pauli spin matrices. Nor is
the algebra commutative.

6 Meson Bound States and Heavy Quarkonium

In Sec. (2), we used complex vectors to represent color bound states of
mesons. Since the three elements of the vectors represented the three col-
ors red, green, and blue, we can think of the index for the vectors as having
the values R, G, and B. We represented these states as vectors but we could
also represent them as density operators by multiplying them by their trans-
pose.The density operators (3×3 matrices) then have index values RR, RG,
RB, ... BG, and BB. When the meson bound states are represented as 3× 3
matrices, they become operators. Not only do they operate on 3-vectors of
color states, but they operate on each other and themselves.

Making this change in representation for the meson states will ease the
effort in bringing non commutativity into the problem. It is also elegant in
that we will be making density operators out of density operators; the same
algebraic rules that define the one define the other.

If we were to represent a red quark in this language, it would be a purely
red vector, (1, 0, 0), or the density operator (matrix) with 1 in the top left
corner and all else zero. The action of a general operator on this red vector
would be to convert it into some combination of red, green, and blue. The
action of a gluon on a quark is to change its color, so we can think of the
off-diagonal parts of an operator as giving the effect of some collection of
gluons on the quark. There are 6 off diagonal elements in a 3× 3 matrix and
these give 6 gluons. The other 2 gluons are the trace-0 diagonal degrees of
freedom.

After the 8 muon degrees of freedom, there is one degree of freedom
left in a general 3 × 3 matrix; the multiples of the unit vector. Unity and
its multiples treat all quark colors equally and leave color unchanged. We
can think of these as the action of a photon. Thus we have encoded the
SU(3)×U(1) symmetry of the color and electric forces into the action of the
3× 3 matrices. This can be thought of as a choice of scale where the relative
strengths of the two forces make them compatible with combinining them
into matrix arithmetic. This way of looking at the color and electric force
interprets the density operators as descriptions of the activity of the gluon /
photon sea on the quarks.

The three solutions to the color bound state problem given in Eq. (5),
when converted into density operator form, all have 1/3 as the diagonal ele-
ments, but differ in their off-diagonal values. Interpreting this as statements
about the sea, the photon seas for the three elements of a Koide triplet are
the same. But the they differ in their gluon sea. This is consistent with the
assumption made when the spatial dependency was removed; the three states
have to share the same average contribution from the photon field but may
differ in gluon.

For the Pauli algebra, the dimension of the Hilbert space is n = 2 and
there are n+ 1 = 3 MUBs. So we can use the MUBs of the Pauli algebra to
provide a set of non commuting states to represent non commutative color
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states. Our choice of the Pauli MUBs is natural in terms of MUB theory and
it has the advantage of being very restrictive. For the three states chosen
from the three MUBs, we will use (1 + σx)/2, (1 + σy)/2, and (1 + σz)/2. So
instead of using R, G, and B to designate the entries in the matrices, we will
use x, y, and z.

For a complete set of state vectors for a Hilbert space (such as we would
use to represent the bound states by solving a Schroedinger’s equation) we
have that the state vectors are orthonormal. That is, their inner products
with themselves are 1 and with each other are zero. When these requirements
are transformed into (as usual, pure) density operators, we find that the
operators must be idempotent and must annihilate each other. In addition,
they must have unit trace and be Hermitian.

The requirement that pure density operators be idempotent and annihi-
late each other are requirements on the products of the 3× 3 matrices. This
means that we must know how to multiply matrices of products of MUB
states. As an example, consider the generic product:axxρxρx axyρxρy axzρxρz

ayxρyρx ayyρyρy ayzρyρz
azxρzρx azyρzρy azzρzρz

 bxxρxρx bxyρxρy bxzρxρz
byxρyρx byyρyρy byzρyρz
bzxρzρx bzyρzρy bzzρzρz

 (36)

where ajk and bjk are complex numbers.
Since pure density matrices are idempotent, we have ρxρx = ρx, but we

will leave them unreduced in the above. And in considering the above matrix
product, it should be mentioned that the definition is closed; that is, the
product of the two matrices is another matrix of the same type.2

The multiplication above would be just a matrix multiplication except
for the non commutative contributions ρx, ρy, and ρz. Examining the matrix
product, we find that the non commutative products required are all of the
form (ρaρb) (ρbρc). Thinking of the matrices as indicating the action of a
gluon / photon sea on the colors of the quark, this amounts to the natural
requirement that the only thing that changes the color of a quark is the gluon
sea.

As far as a multiplication table goes, putting ρa = ρx the products we
need are:

(ρxρx)(ρxρx) = (ρxρx),
(ρxρy)(ρyρx) = (1/2)(ρxρx),
(ρxρz)(ρzρx) = (1/2)(ρxρx),
(ρxρx)(ρxρy) = (ρxρy),
(ρxρy)(ρyρy) = (ρxρy),
(ρxρz)(ρzρy) = (e−iπ/4/

√
2)(ρxρy),

(ρxρx)(ρxρz) = (ρxρz),
(ρxρy)(ρyρz) = (e+iπ/4/

√
2)(ρxρz),

(ρxρz)(ρzρz) = (ρxρz).

(37)

2 If a product of (non annihilating pure) density operators begins with a state ρL

on the left and ends with a state ρR on the right, then, up to a complex multiple,
the product is equal to |L〉〈R|.
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The other values for ρa follow from cyclic permutation of the indices. To
convert these into commutative products we need to get rid of the factors on
the right hand side.

Examining the above table, factors of 1/
√

2 and 1/2 appear only when
there are differing numbers of factors (ρaρb) on the left and right side where
a 6= b. Make the replacement:

(ρaρa)→ (ρaρa),
(ρaρb)→

√
1/2(ρaρb), if a 6= b.

(38)

We then cancel all the factors of 2 and
√

2 from the two sides of the equations.
Getting rid of the factors exp(±iπ/4) is harder. These come from the

quantum phase or Berry-Pancharatnam phase that a state picks up when it
is sent through a sequence of states that eventually return to the same state.
In this case, this is the phase present in the product ρxρyρzρx. In the table,
the phase appears in products with two requirements. First, as before, there
must be a differing number of states with a 6= b on the left and right, and
second, the states on the left must be in sequence as in x, y, z or z, y, x, which
have different signs. To get rid of it, make the replacement:

(ρaρa)→ (ρaρa),
(ρaρb)→ exp(∓iπ/12)(ρaρb), if b = a± 1, (39)

where “b = a + 1” means b = y, a = x, or b = z, a = y, or b = x, a = z and
similarly for b = a− 1.

These two transformations convert the problem of finding the 3× 3 pure
density matrices made up with components taken as products of Pauli algebra
MUBs into the problem of finding the 3×3 pure density matrices. Restricting
to the symmetry required for this problem we solved this problem when we
solved the color bound state problem in Sec. (2). Converting those results,
Eq. (5), into matrices of Pauli algebra MUB products, we have the three
bound states as:

1
3

 ρxρx ηe+2igπ/3ρxρy η∗e−2igπ/3ρxρz
η∗e−2igπ/3ρyρx ρyρy ηe+2igπ/3ρyρz
ηe+2igπ/3ρzρx η∗e−2igπ/3ρzρy ρzρz

 (40)

η =
√

2 exp(iπ/12), and (as before) g = 1, 2, 3.
The form of the correction constant η, with its

√
2 and exp(iπ/12), com-

pared with the mass formulas for the leptons Eq. (20) and Eq. (26):

√
men = 25.054 (

√
1/2 + cos(2/9 + 0π/12 + 2nπ/3))

√
MeV,√

mνn = 0.1414 (
√

1/2 + cos(2/9 + 1π/12 + 2nπ/3))
√

eV,
(41)

suggests that the Pauli MUBs are a good choice in modeling the leptons
as bound states of preons. In this interpretation, the preons making up the
neutrinos carry a Berry-Pancharatnam phase of π/4 while the electron preons
have no such phase, presumably due to having more complicated structure
than can be modeled with the Pauli MUBs.
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What could be the cause of the common factor of 2/9? The off-diagonal
elements of these 3× 3 matrices correspond to amplitudes for a quark to ab-
sorb / emit a gluon and change color. As such, rather than simple coupling
constants we expect to see quantum field theory corrections. The author is
reminded of a trick3 used to compute the infrared (brehmsstrahlung) correc-
tion to the electron / photon vertex.

Given an amplitude iα for each force boson emission, the amplitude for
emitting n of them is (iα)n. There are n! ways of choosing which boson is
associated with which boson propagator but they are all equivalent. So in
summing over diagrams with all possible numbers of bosons one must divide
the nth contribution by n!. This gives a total contribution

∞∑
n=0

(iα)n/n! = exp(iα). (42)

Comparing this to the factor exp(2i/9), one finds that the bare coupling
constant must be α = 2/9.

The model we’re using for the quarks holds that their color force arises
from the same precolor force that holds the leptons together. Therefore the
same argument that gave the factor exp(2i/9) in the lepton mass equations
must give the same factor to the equations for the masses of the mesons.
On the other hand, since the quarks are mixtures of neutrino and electron
preons, their Berry-Pancharatnam phase can be either that of the neutrinos
(iπ/4) or that of the neutrinos (0), depending on whether it is their neutrino
or electron preons that are binding together to form the meson.

This gives two possible mass formulas for 1S meson Koide triplets:

√
mg = v + s cos(2/9 + 2gπ/3), or

= v + s cos(2/9 + 2gπ/3 + π/12). (43)

Returning to the case of the c-cbar and b-bbar mesons, the four triplets are
well described by the following formulas:

√
mψ1g = µe(2.44247− 0.25002 cos(2/9 + 2gπ/3 + π/12)),√
mψ2g = µe(2.51049− 0.08943 cos(2/9 + 2gπ/3)),√
mΥ1g = µe(3.99332− 0.12667 cos(2/9 + 2gπ/3 + π/12)),√
mΥ2g = µe(4.13723− 0.07754 cos(2/9 + 2gπ/3)),

(44)

where µe = 25.054309435 is the same scale factor used in the electron mass
formula, Eq. (20) with units of square root MeV. Note the presence of ap-
parent rational numbers in the s and v coefficients (which have been chosen
to minimize the least squares error in the computed masses).

3 See Peskin & Schroeder, chapter 6.
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The fits to the measured masses are good

State Meson mg exp. meas.
Υ (1S1) Υ (1S) 9456 9460.30(.26)
Υ (1S2) Υ (2S) 10035 10023.26(.31)
Υ (1S3) Υ (4S) 10554 10579.4(1.2)
Υ (2S1) Υ (3S) 10355.2 10355.2(.5)
Υ (2S2) Υ (10860) 10864.4 10865(8.0)
Υ (2S3) Υ (11020) 11019.5 11019(8.0)
ψ(1S1) J/ψ(1S) 3096.916 3096.916(.011)
ψ(1S2) ψ(3770) 3775.154 3775.2(1.7)
ψ(1S3) ψ(4415) 4421.063 4421.0(4.0)
ψ(2S1) ψ(2S) 3686.083 3686.093(.034)
ψ(2S2) ψ(4040) 4040.356 4039.0(1.0)
ψ(2S3) ψ(4160) 4149.827 4153.0(3.0)

. (45)

The worst fit is in the lowest lying Koide triplet for the b-bbar, the Υ (1S),
Υ (2S), and Υ (4S). Not surprisingly, these are states that are best modeled in
the usual manner. The method used here complements the older method. The
other fits are excellent, within the experimental measurement errors. This is
particularly good when compared with the usual expectations of mass fits in
the mesons.

7 Significance

Suppose we are given six random mass measurements. How likely is it that
they can be divided into two Koide triplets as was done with heavy quarko-
nium? The formulas are linear in square root of mass and so are easier to
analyze in this form. In addition, µe is an overall scale factor and we can
leave this out:

λng = vn + sn cos(2/9 + 2gπ/3 + nπ/12), (46)

where n = 0, 1. The vn parameters act as offsets while the sn parameters
determine the scale or range. Since masses are positive real numbers, vn
must be positive, while sn can be positive or negative.

Given three three numbers λng that satisfy Eq. (46) the ratio of differences
between the numbers do not depend on the parameters vn or sn:

ρ0 = λ03−λ02
λ03−λ01

= cos(2/9+4π/3)−cos(2/9+2π/3)
cos(2/9+6π/3)−cos(2/9+2π/3) ,

ρ1 = λ13−λ12
λ13−λ11

= cos(2/9+3π/3+π/12)−cos(2/9+2π/3+π/12)
cos(2/9+6π/3+π/12)−cos(2/9+2π/3+π/12) .

(47)

These are real numbers, ρ0 = 0.2308 and ρ1 = 0.4657, approximately. Al-
lowing sn to be negative gives ratios of 1 − ρn = 0.7692 and 0.5343, that
is, the complementary ratios. To compute the probability of a set of ran-
dom values having square roots with ratios near these numbers, we need to
choose a distribution for the random numbers and either simulate or make
the computation.
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Ignoring the measurement errors and looking only at the best estimates
for the heavy quarkonium masses, the ratios observed in the four triplets,
and their errors from the ideal ratios are:

rΥ1 = (
√

10023.26−
√

9460.30)/(
√

10579.4−
√

9460.30) = 0.5343− 0.0240,
rΥ2 = (

√
10865.0−

√
10355.2)/(

√
11019.0−

√
10355.2) = 0.7692 + 0.0015,

rψ1 = (
√

3775.2−
√

3096.916)/(
√

4421.0−
√

3096.916) = 0.5343 + 0.00005,
rψ2 = (

√
4039.0−

√
3686.093)/(

√
4153.0−

√
3686.093) = 0.7692−0.0079.

(48)
To convert the errors into an estimate of the significance, we have to estimate
the distribution of ratios from randomly chosen masses.

A quick Monte Carlo program shows that given three random variables
taken from a uniform distribution over (0, 1), the ratio computed directly
from them is also a uniform random variable over the interval (0, 1). Choos-
ing masses from a uniform distribution and then computing the ratio from
the square roots of the masses causes this distribution to be less uniform.
Restricting the masses to a range far from zero brings the distribution of
ratios closer to the uniform case. For heavy quarkonium, the worst case is
the J/ψ where the masses run over the range 3096 to 4150 MeV. But in
this case, the difference from a uniform probability density is at most only
4%. Consequently we will assume uniform probability densities for the square
roots of the masses.

Among the four theoretical ratios 0.2308, 0.4657, 0.5343, and 0.7692, the
closest two are 0.4657 and 0.5343. In this case the difference is just twice
0.0343. Suppose that we have a fit that misses one of the theoretical ratios
by ε with ε < 0.0343. Since there are four possible fits, and since each of these
fits can be missed on either side by as much as 0.0343 without interfering with
another fit, there are eight ways this can happen. Therefore the probability
of obtaining a fit with an error in ratio of ε, for small ε, is 8|ε|.

Naively, we could use this observation to compute the significance of the
four fits. We find:

P (rΥ1) = 8× 0.0240 = 19.2%,
P (rΥ2) = 8× 0.0015 = 1.2%,
P (rψ1) = 8× 0.00005 = 0.04%,
P (rψ2) = 8× 0.0079 = 6.3%.

(49)

These estimates are wrong for several reasons. First, they are conservative
in that the Υ and ψ have similar fits; that is, they both use one of each type
and the neutrino-like fit, with the extra angle π/12, appears as the lighter
triplet. Second, they are too liberal because there are a 6 choose 3 = 20 ways
of splitting six masses into two groups of three. And they are conservative in
that, other than the rΥ1 ratio, the errors in the experimental measurements
are compatible with no ratio error at all. And finally, we need an overall
probability for the fits as a whole rather than the individual fits, as they are
all fitted together.

The situation calls for another Monte Carlo simulation. This program
takes six random variables from a uniform distribution. It examines each of
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the 20 ways of splitting them into two groups of three. For each of these splits
it computes the square root of the sum of squares of the ratio errors. The
minimum (over the 20 splits) for this sum is kept and binned. The result is
that the Υ split is significant at about the 20% level while the ψ split carries
a significance of around 0.4%.

[Note: I need to check these figures and improve the Monte Carlo simu-
lation.]

Thus the significance of these fits is established at a level deserving further
study. A paper in preparation[6] extends these excellent fits to the rest of the
hadron resonances.

8 Conclusion

By analyzing mesons as color bound states, we have shown that the reso-
nances will occur in groups of three. As an example of this, we have analyzed
the Υ and ψ states of heavy quarkonium and shown that they follow mass
formulas similar to those proposed by Yoshio Koide for the leptons.

The Koide mass formulas for the leptons can be attributed to a theory of
the quarks and leptons that amounts to assuming that they are bound states
of preons under a force similar to the color force. This provides a rationale for
quark / lepton universality. A natural consequence is that the bound state
structure of quarks are analogous to the generation structure of the leptons.

We have used the states of heavy quarkonium because they have been
very precisely determined. The same method can be applied to the other
mesons, and the baryons as well. The extensive calculations will be provided
in another paper by the same author.[6].

These formulas can also be interpreted as an application of the discrete
Fourier transform to the generation structure of the leptons and the resonance
structure of the mesons. This suggests that we should apply the discrete
Fourier transform to the CKM and MNS mixing matrices of the quarks and
leptons. In fact, this idea works beautifully and will be provided in another
paper co-authored with Marni Sheppeard.[7] This paper uses the discrete
Fourier transform to define an elegant new parameterization of 3× 3 unitary
matrices.

The best QFT bound state calculations are the calculations that correct
the bound states of the hydrogen-like atom. The method for making these
calculations is to assume a traditional quantum mechanical bound state,
calculated using Schroedinger’s equation, and to use QFT to add corrections.
We propose that the meson bound states should be analyzed similarly, but
instead of using an electrical Schroedinger’s equation in 3+1 dimensions, the
natural place to begin is a color Schroedinger’s equation in 0 + 1 dimensions.
That is, to first order, the color bound state should be treated using the
methods of quantum information theory.

The assumptions this paper makes about the mesons are brutally simple.
Our delay in publishing these results is partly due to our hope that we would
find a more complicated model that would allow the estimation of the s
and v values computed in Eq. (44). Some of these are suspiciously close to
rational numbers. For example, the sΥ1 and sψ1 numbers are close to 1/4 and
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1/8, respectively. Lurking behind these coincidences, we hope to see a new
theory of the mesons, one which computes their properties with an accuracy
approaching that of Schroedinger’s model of the hydrogen atom.
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