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Abstract

We use a Lie subgroup of U(3) to define a new method of parameterizing
3 × 3 unitary matrices. Applied to the quark and lepton mixing matrices,
our method can give a more natural definition of the relative phases of the
fermions. In the case of Majorana masses, our parameterization defines the
Majorana phases differently from the usual. Since the method treats all el-
ements of the matrix equivalently, it provides other benefits such as an easy
parameterization of the symmetric unitary matrices, as well as cleaner pa-
rameterizations for properties of unitary matrices such as Jarlskog invariants.
Since the Lie subgroup that we use generalizes to all sizes of unitary matrices,
we speculate that there are natural parameterizations for all of them.
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1. Introduction

In elementary particles, processes that conserve probability but mix gen-
erations are modeled with 3 × 3 unitary matrices. These matrices have
typically complex entries, but due to experimental limitations, we can es-
timate only their magnitudes; their phases are unknown. [1] In the liter-
ature, the problem of parameterizing such matrices has been accomplished
by first putting the matrix into a special form. For example, the “standard
parameterization” of the CKM matrix has the following form: [1] cθcβ cβsθ sβe

−iδ

−cγsθ − cθsγsβeiδ cθcγ − sθsγsβeiδ sγcβ
sθsγ − cθcγsβeiδ −cθsγ − sθcγsβeiδ cγcβ

 , (1)
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where c∗ and s∗ are the cosines and sines of the three mixing angles (θ, γ, β),
and δ is a fourth parameter that contributes to CP violation.

In the Standard Model, we can rephase the fundamental fermions. This
amounts to multiplying a row or column of a mixing matrix by an arbitrary
complex phase. If we extend the standard model by assuming Majorana
neutrino masses, some of these arbitrary complex phases can disappear. At
present, the “Majorana phases” are defined according to the standard param-
eterization. As such, the Majorana phases are as arbitrary as the standard
parameterization itself. In this paper we present mathematically natural
methods of parameterizing the 3× 3 unitary matrices, and thereby give new
ways of defining the Majorana phases.

For the quark mixing matrix CKM, the entries down the diagonal dom-
inate. This makes the standard parameterization convenient for organizing
experimental results as there is a hierarchy; the farther one gets from the di-
agonal the smaller the terms become. After the diagonal terms, the Cabibbo
angle, the mixing between the first and second generation dominates.

In contrast, the lepton mixing matrix MNS is more democratic. The need
for a parameterization natural to the MNS matrix is apparent. For example,
Bjorken, Harrison and Scott give a one parameter generalization of the tribi-
maximal matrix [2], Mohapatra and Yu give a two parameter generalization,
[3] and King gives a first-order approximation of a complete parameteriza-
tion. [4] In this paper we provide two new exact parameterizations for the
3× 3 matrices that are particularly suited to work with the MNS matrix.

The unitary n × n matrices form a Lie group, U(n). Their Lie algebra
u(n), has n2 generators. Multiplying rows and columns by complex phases
accounts for 2n − 1 degrees of freedom leaving (n − 1)2 degrees of freedom
for us to parameterize.

The obvious way to produce a parameterization of unitary matrices is to
choose (n−1)2 elements of the Lie algebra, exponentiate them, and multiply
them together. [5] This method produces matrices that are not closed under
multiplication. In addition, the matrix elements are distinguished haphaz-
ardly by the parameters.

We define a “k-magic” matrix as one where each row and column sums
to k. For a similar definition in neutrino mass matrices, see C. S. Lam: [6].
The “k-democratic” matrix is the k-magic matrix which has all entries equal.
It’s easy to show that a k-magic matrix can be written uniquely as a sum
of the k-democratic matrix and a 0-magic matrix. Since the product of a
k-democratic and a 0-magic matrix is zero, we see that the product of a
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k-magic matrix and a l-magic matrix is kl-magic. Thus the 1-magic and 0-
magic matrices form groups under multiplication. Additionally, the 0-magic
matrices are closed under addition so they form a subalgebra.

We will call the intersection of the 1-magic matrices and the unitary
matrices the “magic unitary” matrices MU(n). The associated Lie algebra
mu(n) consists of the 0-magic subalgebra of the Hermitian matrices. A 0-
magic n×n matrix is determined by an (n−1)×(n−1) subset of its elements.
Consequently, the dimensionality of the mu(n) is (n − 1)2; this is the same
as the number of parameters necessary to parameterize the unitary matrices
u(n) other than multiplication of rows and columns by complex phases. We
speculate that any unitary matrix can be so obtained.

2. Magic Parameterizations

The 1-magic unitary 2× 2 matrices are of the form:

M2(θ) =
1

2

[
1 1
1 1

]
+

1

2

[
eiθ −eiθ
−eiθ eiθ

]
, (2)

where θ is a real parameter. The magnitudes of the above matrix are:[
| cos(θ/2)| | sin(θ/2)|
| sin(θ/2)| | cos(θ/2)|

]
. (3)

Thus we find that the usual rotation matrices are a double cover of the
parameterization Eq. (2), along with a different choice of complex phases
multiplying the rows and columns.

Let c = cos(θ/2), s = sin(θ/2). Using (1 + exp(iθ))/2 = c exp(iθ/2)
and similar, we can write the relationship between the new and old 2 × 2
parameterizations as:

M2(θ) = eiθ/2
(

1 0
0 eiπ/2

)(
c s
−s c

)(
1 0
0 e−iπ/2

)
(4)

The Majorana phase is traditionally defined by twice the phase of the right
hand matrix’s bottom right component. In the above, that position has
exp(−iπ/2) so we see that the new Majorana phase (for 2× 2 matrices) will
be different from the traditional by π. Thus a calculation which obtains a
Majorana phase of π such as that of Rodejohann [7] (who used the full 3× 3
matrices), may now obtain the more natural result of zero.
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While the number of parameters for MU(n) is just what is required for
parameterizing unitary matrices along with row and column phases, we do
not have a general proof that this obtains. However, Philip Gibbs proved that
any unitary 3 × 3 matrix can be brought into 1-magic form by multiplying
its rows and columns by complex phases, so for this case the issue is settled.
[8]

An “n-circulant” matrix has each row identical to the one above, but
rotated n to the right. It is easily shown that any 1-magic 3 × 3 matrix
can be written as a sum of three magic matrices: a 1-magic matrix with
all entries identical (and equal to 1/3), a 1-circulant 0-magic matrix defined
by its top row (A1, A2, A3), and a 2-circulant 0-magic matrix with top row
(B1, B2, B3):

1

3

 1 + A1 +B1 1 + A2 +B2 1 + A3 +B3

1 + A3 +B2 1 + A1 +B3 1 + A2 +B1

1 + A2 +B3 1 + A3 +B1 1 + A1 +B2

 . (5)

Since A1 +A2 +A3 = B1 +B2 +B3 = 0, the above decomposition is unique.
Thus this form makes a natural choice for a parameterization of the unitary
1-magic 3× 3 matrices.

For a natural parameterization of An and Bn, let α, β, γ, and δ be four
real numbers. Then:

An = 2 cos(γ) cos(α + 2nπ/3)ei(δ+π/4),
Bn = 2 sin(γ) cos(β + 2nπ/3)ei(δ−π/4),

(6)

gives a parameterization of the unitary 1-magic matrices with each element
treated equally. See [9] for a unitary matrix RPN calculator web applet that
demonstrates the parameterizations used in this paper.

Given a 1-magic unitary matrix, and a real number χ, we obtain an eiχ-
magic unitary matrix by multiplying by eiχ. Such a transformation can be
used to make An pure real and Bn pure imaginary. After some algebra, this
provides a parameterization of MU(3):

U =
1

3

 C1 C2 C3

C3 C1 C2

C2 C3 C1

± i

3

 D1 D2 D3

D2 D3 D1

D3 D1 D2

 , (7)

where
Cn = cos(δ) + 2 cos(γ) cos(α + 2nπ/3),
Dn = sin(δ) + 2 sin(γ) cos(β + 2nπ/3).

(8)
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The Wolfenstein parameterization is organized around the assumption that
the weak force acts primarily to leave the generation number alone, and
secondarily to change the generation number by 1. This is in contrast to the
above, which organizes changes to the generation number as if the generations
were cyclic.

Formulas for characterizations of unitary matrices, such as Jarlskog’s JCP
invariant: [10]

JCP = ± Im (VijVklV
∗
ilV
∗
kj), (9)

can be computed for the above parameterization. Setting i = j = 2, k = l =
3, with the Cn, Dn parameterization, we have:

JCP = Im [(C1 + iD3)(C1 + iD2)(C2 − iD1)(C3 − iD1)]/3. (10)

In reducing these sorts of things, some useful identities are:

C1 + C2 + C3 = 3 cos(δ),
C2

1 + C2
2 + C2

3 = 3 cos2(δ) + 6 cos2(γ),
(11)

and similarly for Dn but with sines instead of cosines.
In 2002, a simple form for the MNS lepton mixing matrix was proposed,

the tribimaximal. [11] A tribimaximal unitary matrix has magnitudes as
follows: 

√
2/3

√
1/3 0√

1/6
√

1/3
√

1/2√
1/6

√
1/3

√
1/2

 . (12)

“Tribimaximal” refers to the center and right columns, which have three and
two entries, respectively, with maximal mixing. The unitary version of this
matrix transforms a vector of neutrino amplitudes (ν1, ν2, ν3)

† to a vector
of charged lepton amplitudes (e, µ, τ)†. This form appears in the standard
parameterization on choosing sβ = 0, sθ = 1/3, and sγ = 1/2.

Applying the decomposition Eq. (7) to the tribimaximal amplitudes, we
find a tribimaximal unitary matrix:

1√
3

1√
6

0

0 1√
3

1√
6

1√
6

0 1√
3

± i


1√
3
−1√
6

0
−1√
6

0 1√
3

0 1√
3
−1√
6

 . (13)

This form is symmetrically divided into a real part where the values {1/
√

3, 1/
√

6, 0}
are constant over the even permutations of generation, while the imaginary

5



part is similar, but for the odd permutations. For example, i/
√

3 appears in
the matrix elements that correspond to the permutation (23), the swap of
the 2nd and 3rd generations.
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